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INTRODUCTION

In the previous chapter, we have studied about matrices
and algebra of matrices. We have also learnt that a system
of algebraic equations can be expressed mn the form of
maitrices. This means, a system of hinear equations hke

a x+b vy

a,x + b,

LEF

can be represented as l




DEFINITION

[0 every square matrix A = [a | of order n, we can associate a number (real or
omplex) called determmant of the square matrix A, where a = (i, j)" element of A,

A DETERMINANT IS A FUNCTION FROM A SET OF SQUARE MATRICES
TO A SET OF REAL OR COMPLEX NUMBERS

If M 15 the set of square matrices, K 15 the set o
nurmbers (real or complex) and f: M — K 15 defined by #{A) = &, where A M am
ke K, then fiA) s called the determinant of A It 1s also demoted by | A | or det A or A
a b
c

I = det (A

a b
If A= L fJ , then determunant of A 1s wrntten as |A| =
iL

.
Remarks
(1) For matrix A_ | A| 1s Tead as determnamnt of A and not modulus of AL
(17) Only sgquare matrices hawe determinants.




DETERMINANT OF MATRIX OF
ORDER T & 2

» ORDER 1

» A=[a],detA=a

» Let A=[4], Alsa Square Matrix of order 1 x 1 (orderl).
Thendet A=4 OR Wecanwrite |A|=4 ORA=4

» Let A=[-4], Alsa Square Matrix of order 1 x 1 (orderl).
Here also, det A=4 OR We canwrite [A|]=4 ORA=4

» ORDER 2
— a b — —
ra a i = A11ayy — A1
> _a; a;ﬂ Al = ay1a52 = a1205, e




Eg: Evaluate a determinant order 2

EgilfA=[% 21 find |4l |A] = 4x (-1)-5x3=-
3 =
19

»1f P=[ € ‘21] find |P| . |P| = 2c — (-5d) = 2¢ + 5d

_ 1192
> A= ‘4 2‘ Evaluate
= IxX2-4x2=2-8=-6



DETERMINANT OF A MATRIX OF ORDER 3 X 3

>
» A= |G;1 Gy Qay3

az; Gazz; aszs

ai1 Q4q2 a13‘

w1l w12 w13
» EXPANSION ALONG ROW 1 (R;) \021 az> a23]

az1 Q3 d4zg

a a a a a

41= CDMan ) ] # D[yl o]+ D e,
aj1 W2 Qg3
A1 (2 QAz3
az1 (32 QAz3

» EXPANSION ALONG COLUMN 2 (C5)

a»1 a23 a21 a23 a1
Al = (—1)1*2q | |+ —1)?*2q ‘ ‘+ —1)3%2q ‘
|4] = (1) 12 g s (1) 22 lazq Qsz3 &L 32lay,

azz‘
as»

a13|
a3




DETERMINANT OF A MATRIX OF ORDER 3 X 3

EXPANSION ALONG ROW 1 (R,)

=4 ':a'.-',-a q —d, a:n..- } 5 ah (a.-'la —dy,d " ) +a, -(al-"all.-- B a.x.'a " )




Weltdlale

» Eg:IfA=|1 1 -2 |ExpandalongR;
2 1

=D Ix3(1+6)+(—1) *2x -4(1+4)+(—1)"*>x5(3-2)
=+ 21 - (-20) + 5 = 46
» Expand along G,
= (=D 2x(-4) (1+4)+ (—1)%*2x 1(3-10)+(—1)3*2 x 3(-
6-5)
=-(-20) + (-7) — (-33) = 46



REMARK (1)

» While Expanding, instead of multiplying by (=1)*/ , we can multiply
by (+1) or (-1) accordingas (| +] ) is even or odd.

+ - +
__l__
+ - +

1.1

» Evaluate A =2 1 -3

5 4 -9

Expand along ¢,
A=+1(-9+12) -2 (-9 +8) +5 (-3 + 2}
=3+2-5=0



Remark (2)

» For easier calculations, we shall expand the determinant along that
row or column which contains maximum number of zeros.

1 2 4
Eg: EvaluateA =|1—-1 3 0
4 1 0

> Note that in the third column, two entries are zero. So expanding
along third column ( C5)

o=+ ql-oly 1vold 3
=4(-1-12)+0+0
=52



Remark (3)

» |k Al=k™|A] [nisthe order of the matrix ]
R
Eg.A—(dt 2)
|24] =2%|A]|=4x(2-8) =-24
134] =32%|4]| =9 x (2-8) =-54

3 N
Eg: A=[1 1 -=2| |4]=46
\2 =]

24| =23]|A] = 8 x 46 = 368

13A| =33|A| =27 x 46 = 1242



Equality of Determinants

tEg ‘18 N ‘18 G‘Thenflnd’rhevolueofx
x?-36 =36-36
=36
X==%6

» HOME WORK

EX : 4 .1 QY 2555
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PROPERTIES OF DETERMINANTS

1. 14"| = |A]

3 —4 5
Eg: A= (1 1 —2) o -

5 -2 1

Al=+21-(-20) + 5 =46
4 (-20) AT = 46




2

» If we inferchange any two rows (or columns),
then sign of the determinant changes

» (if we change twice , then the value remains

2 1
B = (1 1 —Z)
3 —4 5

IB| = 2(5-8) -3(5+6)+1(-4-3)

= - 46




3.

» If any two rows or any two columns in @
determinant are identical (or proportional),
then the value of the determinant is zero.

1 4 0 1 2 0
A=12 0 5 A=12 4 5
1 4 0 1 2 8

= 1(0-20)-4(0-5) +0 1(32-10) -2 (16-5) +0

0




4.

» If we multiply each element of a row (or a column) of
a determinant by constant k, then value of the
determinant is multiplied by k.

(Multiplying a determinant by k means multiplying the elements of
only one

1 4 0
Eg:A=|2 0 5|=0-5(4-8)+0=20
2 4 0
C1—13C1
3 4 0

6 0 5|=0-5(12-24)=60
6 4 0

=3x20=3A




D.

If elements of a row (or a column) in a determinant can
be expressed as the sum of two or more elements, then
the given determinant can be expressed as the sum of
two or more determinants.

30 2 7
25 9 0
50 7 2

20 2 7
15 9 0
30 7 2

510 g
40 9 0
80 7 2

+




6.

» If to each element of a row (or a column) of a determinant the equimultiples
of corresponding elements of other rows (columns) are added, then value of
determinant remains same. R; —» R; + kR; or C; = C; +KC;




REMARKS:

1.If all the elements of a row (or column) are

zeros, then the value of the determinant is zero

11503
Eg: |5 0 5[=0
8 0 4

2.1f all the elements of a determinant above or

below the main diagonal consists of zeros, then

the value of the determinant is equal to the

product of diagonal elements. Eg:g 8 3 = 90

8 7 2




NOTES:

A is a singular matrix, |A| =0

|AB| = |A||B|

|k Al = k™ |A| ( n is the order of the matrix)
|A"| = [A]"
If Ais a non-singular matrix, then [A1| =1/ |A] = |A]]

In general, [B+C| = |B| + |C]|




PROBLEMS

1)

Q. Fvaluace . R1 and R3 are
proportional

6
Solution Note that ' : : h 4|1=0
h 6

] b
© Show that |[a +2x b+ 2y
X V

Q2.

d b fa

Solution We have |[a+2x b4+2y c+42z

(by Property 5)

(Using Property 3 and Property 4)




1 a4+ b

Prove that (2a 3a + 2b

3a 6Ha + 3b

Solution Applving operations B, — R
determinant A we hawve

M

2 et

MNow applying R, — R, —3R_ . w

Expanding along C  we obtain

a 2a+ b
My 1

L

i

‘ 0+ 0

=g (a* — 0) = a (a*) = a*

a4+ b4+
4a + 3Ibh + 2¢

10 + & + 3¢

Hl

= .

a4+ b4+
Qa4+ b
Ta + 3bh

a4+ b4+
Qa4+ b

i

— 2R, and R, — R, — 3R, to the given




Without expanding, prove that

X+VyV V+=z© -H+Xx

Solution Applying B, — R, + R, to A, we get

X+y+z- XxX+y+zc x+yv+-=z
A= = X ¥
1 1 |

since the elements of R, and K, are proportional, A = (.




J.

-1 Evaluate
It a be
A=|L B ca
I o ab
Solution Applymg R, - R, — R and R, = R, _— R, we get
1 a be
A=10 b—a cia—&)
0 c—a bla—o)

Taking factors (b — a) and (¢ — a) common from B, and K., respectively, we get

M= (b —a){c—a)

= —a) (c —a) [(— &+ )] (Expandmg along first column)

=fa — bBY(d — ) (c — a)




HOME WORK

T, prove

o the property of determinants and without expanding in Exercises 1 to

-u—b hb—ec oc—ec
b—¢ wc—a a—58=10
c—a wa—bh b-—c

b alb )
ca Blc+a)l =10

abr cfa+b)

EX. 4.2

Q 1,2,3.4,5
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vl urng

alomng

{

[=(a-b)(b-c)(c-a)(a+b+c)

o By«
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1 a bc
1 b ca PT

1 C ab

MNow by applying, Ri—a Ri, Rz—b Rz, Rz=—=c Rz

We get,




we have

panding along C, . we have




B wpamact oy

N —4 = ) 453401

Flocaowoo . this o= roesuin as prrossoaed




1 x x?
X

Q12) Ixz 1

x x2 1
Solution: C1 - C1 - x.C3

1—x3 x x?
l 0 1 x]
0 x: 1
Expand along C1
= (1- x3) (1- x3)

= (1- 2%

]= (1-x3% ,x+0



guation.

rm, (a® +b¢+ ¢ + 1) common fro

‘b1 b

a2 +pi+ct+1)b

Jl:.

M

the abc

q

LJ

u

atio

n, we have,




13.

1+p+aq
3+2p 443p+2q|=1
6+ 3p 10+ 6p + 3qg

1 1+p 1+p+gq
A=|2 3+2p 4+3p+2q
Let 3 6+3p 10+ 6p+3q
We know that the value of a determinant remains same if we apply the
operation Ri—> R; + kR; or G;—> C; + kG;.
Applying C;=> Cz — pCy, we get
1 1+p-—p(1) 1+p+q
2 3+2p—p(2) 4+3p+2q
3 6+3p—p(3) 10+6p+3q
1 1 1+p+q
=A=12 3 4+3p+2q
3 6 10+6p+3q
Applying Cs—= C3 — qCy, we get
11 1+p+q—q(l)
2 3 4+3p+2q—q(2)
3 6 10+6p+3q—q(3)

1+p
4+3p
10+ 6p
Applying Cs—= Cs — pC,, we get
1+p—p(D)
4+ 3p—p(3)
10 + 6p — p(6)
1 1+p+q-—q(1)
3 4+3p+2q9—q(2)
6 10+6p+3q—q(3)
1 1 1+p
=A=1|2 3 4+3p
3 6 10+6p
Applying C3— C; —pC;, we get

1+p—p(D)
4+ 3p —p(3)
10 + 6p — p(6)

Applying C;—> C2— Cq, we get
1 1—-1 1

A=|2 3—2 4
3 6—3 10

1 0 1

2 1 4

3 3 10

= A=

Applying C3—> Cs— Cq, we get
1 0 1-1

A=|2 1 4-2
3 3 10-—-3

1
4
10

0
2

7

=
II
[

=
Il
WM = WM
(®)]

W= o

Expanding the determinant along R4, we have

y(2)]-0+0




1-Fa*— b 2ab —2b
2ab 1—a*+ b 2a =
2b —2a 1—a* b~
(1 +a? + b?)3

C1-C1 — bC3;C2-> C2+aC3

1+ a* + b” 2ab —2b
0 1—a* 1 b* 2a

b + ba? + b3 —2a 1 — a? — b2

1 2ab —2b
1+a?+b%|0 1-—a?+ b2 2a
b —2a 1 — a? — b?

R3 - R3 — bR1 + aR2
1 + a?
1 2ab —2b
+ b% |0 1 —a? + b? 2a
0 —a(1+a*+b* 1+ a®+b?

1 2ab —2b
(1+a?+b*%0 1-—a?+b? 2a
0 —a 1+ a? + b?

EXPAND ALONG C1
([ +a* £b5)°




EX.4.2

Q 7,9,10, 11(ii)




